ON THE TOTAL CURVATURES OF A TAME FUNCTION 



VINCENT GRANDJEAN 

Abstract. Given a definable function / ; M" i-^ M, enough differen- 
tiable, we study the continuity of the total curvature function t — > K{t), 
total curvature of the level (f), and the total absolute curvature func- 
tion t l-'^KO' total absolute curvature of the level f^^{t). We show 
they admits at most finitely many discontinuities. 



1. Introduction 

One of the nicest feature of o-minimal structures expanding the ordered 
field of real numbers is that taking the derivative of a definable function (in 
a given such o-minimal structure) provides a definable function (in the same 
given o-minimal structure). Unfortunately the inverse operation is somehow 
much more delicate, integration and measure lead to problems even in some 
of their simplest aspects. 

In the setting of subanalytic geometry some measure theoretical aspects, 
density, Lipschitz-killing curvatures, of the subanalytic sets had been stud- 
ied HBBl IComl iFul . Still in this context, the ^-dimensional volume of a 
global subanalytic subset of M", lying in a globally subanalytic family of 
subsets of M" of dimension at most k, is, when finite, a log-analytic func- 
tion in the parameter, as proved in ULRilCLRl . This is already an issue since 
the logarithmic contribution cannot be avoided and so the functions carry- 
ing the quantitative aspect of the variation of the volume in the parameter 
of the family are already outside of the structure. 

In the world of non-polynomially bounded o-minimal structures expand- 
ing the real numbers, almost nothing similar to the statement in the globally 
subanalytic context is known in whole generality. Let us nevertheless men- 
tion the results of [iLellKal . proved independently, namely the definability of 
the set of the parameters at which the 2-dimensional volume of a definable 
family of plane definable subsets is finite. 
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Let US go closer to the goal of this note. Given a definable function 
/ : 1-^ R, that is C' with / ^ 2, to each regular level t we associate two 
real numbers, namely, K(t), the total curvature of the level f^^{t) oriented 
by the unitary gradient field of /, and, I^KO^ the total absolute curvature 
of the level f^^{t). When n is odd and f^^{t) is compact and connected, 
the Gauss-Bonnet-Chem Theorem states that K{t) is just the Euler Charac- 
teristic of /^^ {t) (modulo a constant depending only on n). Somehow K{t) 
and \K\{t) have a connection with the topological equisingularity type of 
f^^{t), even when f^^{t) is no longer compact. Thus knowing the varia- 
tion as a function of t of these total curvatures functions could give some 
information about the equisingularity of the family of the levels. This was 
the first motivation of this study (see [iGrI for some results in this direction). 

From the measure theoretical point of view, these total curvatures are just 
weighted n — 1 -dimensional volumes of a definable 1 -parameter family of 
subsets of So how do the total curvature functions in the parameter 

behave ? As already said, for the level of generality we want to deal with, 
there is no hope (yet!) to provide some quantitative information about the 
variation of these functions of t. Nevertheless we propose in this note to 
study some qualitative properties of the functions t K{t) and t — > 
and we will find some. We actually proved 

Theorem. Let f -.R" t-^Rbe aC^, I ^ 2, definable function. 

(1) the function t \K\{t) admits at most finitely many discontinuities. 

(2) If the function t — > \K\{t) is continuous at a regular value c of f, so is 
the function t K{t). 

The paper is organized as follows. 

In Section [2] we provide some definitions, conventions and notations that 
will be used in the rest of the note. 

Section |3]recalls what the total curvature and the total absolute curvature 
of a hypersurface are and what are the connections with linear orthogonal 
projections onto oriented lines. 

In Section m we just define the Gauss map of a given function and states 
some of its elementary properties in the frame established in Section [3l 

Section[5]is devoted to Hausdorff limits of Gauss images since they will 
be the key tool of our main result. 

Theorem 16.41 and Proposition 16.61 are the main results of Section [6l and 
are proved with the help of some preliminary work. 

In Section |7] we state results of the same flavor as those of Section |6l but 
for what we named the total X-curvature and total absolute X-curvature. 

We finish this paper with some remarks in Section [U 



ON THE TOTAL CURVATURES OF A TAME FUNCTION 



3 



2. Notation - convention 

Let M" be the real n-dimensional affine space endowed with its Euclidean 
metric. The scalar product will be denoted by (■,•). 

Let be the open ball of W centered at the origin and of radius R> 0. 

Let S^^^ be the {n — l)-sphere centered at the origin and of radius R>0. 

Let S"^^ be unit ball of W endowed with the induced Euclidean metric 
and let d§ be the intrinsic distance function on 

Let dv;t be the A:-dimensional Hausdorff measure of M" with ke{l,...,n}. 

Let us recall briefly what an o-minimal structure is. 

An o-minimal structure M expanding the ordered field of real numbers 
is a collection {Mp)p^-^, where Mp is a set of subsets of W satisfying the 
following axioms 

1) For each p G N, Mp is a boolean sub-algebra of subsets of M^. 

2) If A G Mp and B G Mq, then A x 5 G Mp^q. 

3) If 71 : W^^ ^ W, is the projection on the first p factors, given any A G 
5Wp+i, n{A) G Mp. 

4) The algebraic subsets of belongs to Mp. 

5) M\ consists exactly of the finite unions of points and intervals. 

So the smallest o-minimal structure is the structure of the semi-algebraic 
subsets. 

Assume that such an o-minimal structure M is given for the rest of this 
article. 

A subset A of W is a definable subset (in the given o-minimal structure) 
of W,if A eMp. 

A mapping g -.X ^ Mfl, where X C W, is a definable mapping (or just 
definable, for short) if its graph is a definable subset of ]R^+^. 

The reader may refer to HCosilvDlllvDMII to learn more on the properties 
of definable subsets and definable mappings. 

let Z be a connected definable subset of M". The dimension of Z, dimZ, 
is well defined. 

A point zo £ Z is smooth if there exists a neighborhood U C of zqj such 
that i7 n Z is diffeomorphic to M^, for an integer k ^ dimZ. The property 
of being smooth of a given dimension is a locally open property once Z is 
equipped with the induced topology. 

A point ZQ which is not smooth is called singular. The set of such points 
is definable. 
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Let 5i and 52 be respectively C definable submanifolds of M" and of W. 
Let g : ^1 1— > ^2 be a definable function. A point xq is a smooth or regular 
point of g if the rank dx^g is maximum in a neighborhood of xq. 

A critical or singular point xq of ^ is a point at which dx^g is not of 
maximum rank. The set of such points is definable, denoted by crit(^). 

By abuse of language, we will talk about the rank of the mapping g at a 
point Xq to mean the rank of the differential d^o^- 

A definable family £ = {Et)teT of subsets of a definable submanifold 
S cW, with parameter space T c M."^ does not only mean that Et is a 
definable subset of S, but that the subset {{x,t) eSxT -.xEEt} is definable. 
Equivalently it means it is the family of the (projection onto S of the) fibers 
of a definable mapping. 

3. Total curvature and total absolute curvature of a 
connected orientable hypersurface 

Let M be a definable connected, hypersurface of M". Assume M is 
orientable and the orientation is given by a map, M 3 x^Vm{x) & 8""^ 
The map Vm is definable. 

Let U C Ei"~^ be defined as Vm(M\ crit(VM)), where crit(VM) is the 
set of critical points of Vm- The subset iz is a definable open subset and, 
when not empty, for any u E U, V]^ (u) is finite. By Gabrielov uniformity 
theorem, there exists a positive integer Nm, such that #V]^^ (m) ^ Nm for any 

ueu. 

Since 1/ is a finite disjoint union of open definable subsets Ui, i— I, . . . ,d, 
let Mi — v^^ (Ui) \ crit(VM) which is a definable subset of M. Let s{i) be 
the number of points in a fiber above any uEUi. 

Let kM{x) be the Gauss curvature at x E M, that is the value of the de- 
terminant of the Jacobian matrix of Vm- We make the convention that the 
(n — 1) -dimensional volume of the empty set is 0. 

Proposition 3.1. The total absolute curvature ofM is 

\K\m-^ / \kMix)\dVn-iix) =ys{i)yoln-iiUi). 

Jm y 

Proof. If the maximal rank of Vm is at most n — 1, then crit(VM) = M and 

so we deduce \K\m = 0. 

So assume that Vm is at most n—l. 

Let us denote by Jac, the Jacobian of any mapping (when it makes sense). 
Since the mapping Vm is of maximal rank, the set of its critical values of 
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Vm, that is VAf(crit(VAf)), is of codimension at least 1 in S"^^. Each Ui is 
open and so is each in M. 

We assume first that each connected component of Mi is simply connected. 
Then Mi = A/-^^ U . . . UMf^^ and Vm induces a diffeomorphism from M^^ 
onto Ui, for each j — 1, . . . , s{i). Thus we find 

vol„_i(C//)= / dv„_i = / Jac(VM(x))dv„_i(x), foreachj. 

JUi JMY' 

Thus we deduce 

Jac(VM(x))dv„_i(x) = s(i)vol„_i ([//)• 



As another consequence of this fact, if we define M* as M \ (LJ,M/) , then M* 
is definable, and since Vm{M*) is at most of dimension n — 2 (meaning that 
Jac(VM) is zero on a definable dense open set of M* if dim M* = n — 1), we 
obtain 



/ 



Jac(vM(x))dv„_i(x) = 0. 

M* 



Then 



\K\m^ Jac{VMix))dvn-i{x) = y Jac{VM{x))dvn-i{x), 

Jm iJMi 



which is the desired result. 

In the general situation, by the cylindrical decomposition theorem, there 
exists a closed subset Ni of M; of dimension at most n — 2, such that each 

connected component of Mi\Ni is simply connected. Then we do the same 
as above with \M{Mi\Ni) instead of Ui. Since vo1„_i(Vm(M)) = 0, the 
formula given is still true in this general case ■ 

For each / = 1, . . . ,m, let be #{y]^{u) n {det^M > 0}) and <5j be 
#(v^^ (w) n {detA:^ < 0}), for any uEUi, since these numbers depend only 
on Ui. We deduce that s{i) = o/^ + <3j and thus 

l^|M = Lf"« + ar)vol„_i(C/0. 

Let <3i — — (5j. Note that o,- = deg„ Vm deg(VM|y-i ([/.•)) the degree of 
the mapping Vm at any u eUi. 

Proposition 3.2. The total curvature ofM is 

r Nm 

Km ■■= / kM{x)dvn-i{x) = V a;vol„_i(C/;). 
Jm 
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Proof. It works exactly as in the proof of Proposition 13. 1[ ■ 

Let us come to a more specific property of the Gauss map. For any u E 
S"^\ let (Pi,(x) := {x,u) be the orthogonal projection on the oriented vector 
line Mm. 

Let us consider the following 

Lemma 3.3. Let y E M be a point at which the rank ofdyVM is n — 1. Let 
u = VM{y)- Then the function (P;,|m has a Morse singular point at y, that is 
the Hessian matrix HesSj,((p„|M) is non degenerate. 

Proof. Let us identify the hyperplane TyM with M"^^ with coordinates x = 
(jci, . . . ^Xn-i) centered at y and remember that dyVM can be seen as a reflex- 
ive endomorphism of TyM = T^S"^' . Since it is of rank n — 1, it has exactly 
(n — 1) non-zero real eigenvalues. 

By the definable implicit function theorem, there exist an open neigh- 
borhood of the origin in the hyperplane TyM and a -definable map 
(|) : H-^ M such that there exists a neighborhood of j in M such that 
Y = {xn = (p(x) : X G '^}. Thus we find that cPi,|mW = (^(x). We thus 
rewrite Vm as 

VmW=Vm(x)- 



|V(x„-(^(x))| 



For any u E TyM we find that 



dyVM-k = |v(;c -4)(x))| (Hess_y4)-^,M) m] 

-HessY(|) 



|V(^„-(^(x))| 

where HesSy(|) is the Hessian matrix of (|) at y. Since dy\M is of rank n — 1, 
we deduce that HesSy((pj,|M) = HesSy{|), and thus is Morse at y. □ 

Thanks to Lemma [33] we can then define the following 

Definition 3.4. The Morse index ofM at x ^ crit(vAf ) is the integer 'X-Mi^) 
define as the Morse index at x of the function (^u\m, with u — Vm{x). 

Obviously this definition depends on the choice of Vm- 

Let i7 be a connected component of U = Vm{M) \ VM(crit(vM))- Thus 
Vm induces a finite C'^^ covering 

yM--MiVA...VAMd^U. 

Proposition 3.5. With the previous notation, the function Mj 3 x ^ Xm{x) 
is definable and so is constant. 
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Proof. Each subset Mj is a definable and open in M. Given an orthonor- 
mal basis of M", let P{x;T) G M[r] be the characteristic polynomial of 
HesS;c((Pv^(^) The coefficients of this polynomial are definable func- 
tions of jc G A/\crit(vM) and C'^^ As functions of x, the roots (counted 
with multiplicity) are continuous and definable and all non zero. Since Mj 
is connected, the number of negative roots is constant and so is the index 
XmIx). □ 

There is a straightforward corollary of Lemma l3.3l and Proposition l3.5l 

Corollary 3.6. Let y EM be a point at which the rank ofdyVM is n—\. Let 
u = VM{y)- Then the function Morse index o/(P„|m cind the index ofdyVM 
are the same. 

Thus we can also rewrite the total curvature as 

^^=/..u , : , (^xev-H\crit(v.)(-l)'"^-^0 

JVM(M)\VM(crit(VM)) ^ MV^\ wwy / 

since the set of points v^{crii{yM)) H (M\crit(vM)) is at most of di- 
mension n — 2. 

4. On THE Gauss map of a tame function 

Let / : M" 1-^ M, be a definable function, enough differentiable, say 
with I ^ 2. 

Let us denote by KQ{f) the set of critical values of /. 

For each t, let F, be the level f^^{t). 

The Gauss map of the function / is the following mapping 

V/ : M"\crit(/) ^ S"-^ 

Iv/Wl 

It is a definable and C'^^ mapping. We will denote by Vf the restriction 
Vf\fi, providing an orientation to each (connected component of the) level 
Ft which is compatible with the transverse structure of the foliation (on 
M" \crit(/)) by the connected components of the (regular) levels of /. Note 
that crit(v/) niv = crit(Vf). 

The differential mapping of at x ^ crit(/), is 

d.V/ : ^ ^ ^J^[Hess,(/) • ^ - (Hess,(/) ■ ^,Vf{x))Vf{x)] 



We recall that for any x E Ft, the linear mapping dxVt = dxVflT^F, seen as 



an endomorphism of (j^\E>" ^ is reflexive. 
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Definition 4.1. Let x ^ crit(/) Ucrit(v/). The tangent Gauss index of f at 
X, denotedby 'kf{x) is the indexofthe reflexive endomorphism f\jj-\ (^^y 

Proposition 4.2. The function x — > 'kf{x) is a locally constant definable 
mapping. 

Proof. Assume a fixed ortlionormal basis of M" is given. Let P{x, T) E R[r] 
be the characteristic polynomial of the endomorphism dxV flj-^f-if^^y From 
the computation of the differential d^^v f we deduce that the coefficients of 
this polynomial are definable and C'^^. Given x, let tti (x) ^ . . . ^ a„-i{x) 
be the roots of this polynomial. For each i = 1, ... ,n — 1, the functions 
X CC,;(x) is continuous and definable. For this reason the number of neg- 
ative roots (that is the tangent Gauss index) is constant on each connected 
components of R" \ (crit(/) U crit(vy)), that is .x; ^ '^fi^) is constant on 
M"\(crit(/)Ucrit(v/)). 

Since the mapping x ^ Xf{x) is constant on each connected component of 
M" \ (crit(/) Ucrit(v/)), then its graph is a definable subset of M" x M since 
\ (crit(/) U crit(v/)) is a definable subset of R". □ 

This property will be very useful in Section [61 

When crit(v f) ^ 0, let us consider the following C'^ ^ definable mapping: 
^/ : R" \ (crit(/) Ucrit(v/)) ^ S"-^ x R defined as jc ^ (v/(x),/(jc)). 

This mapping is definable and C'^^. It is also a local diffeomorphism at 
any of the point of R" \ (crit(/) U crit(v/-)), thus its image U is open. 

Definition 4.3. Let {u,t) G Zl. The tangent Gauss degree of f at {u,t), 
denoted degjr{u,t) is the degree of^f at (uj). 

Then we get the following, 

Proposition 4.4. The function {u,t) degy(M,f) is a locally constant de- 
finable mapping. 

Proof. This comes from the fact that is a local diffeomorphism at each 

point of its definition domain. □ 

More interestingly we also have 

Proposition 4.5. For any {u,t) G U, 

deg(,,)^^ = deg„v,= (-l)VW. 

Proof. Let y G ^^^(m,c). Let ^ := (vi, . . . ,v„_i,v„), with v„ = V/-, be a 
and direct orthonormal frame in a neighborhood y of y. With such 
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"coordinates", for any x G Ff fl SK, both dx^f and d^v? are considered as 
endomorphisms. For x E Ftf]'/ , writing the matrices of d;c^/ and d;cV, in 
this frame, gives 

det(Matj^(^)d,:^/-) ■det(Mat^(^)dxVf) > 0, 

since the frame respects the orientations of M" and of T^Ft and where Mat _^(^x) 
denotes the matrix in the base ^{x) := {vi{x)j . . . , v„-i(j!:), v„(x)). Thus the 
signs of these determinants are the same and so is proved the lemma. □ 

5. HAUSDORFF LIMITS OF GAUSS IMAGES 
We use notations of Section IH 

We recall that U = ^/(M" \ (crit(/) Ucrit(V/))) is open and definable 
in §""^ X M and that for any {u, t) e Zl, ^ (w, t) is finite. 

From Gabrielov Uniformity theorem, there exists a positive integer Nf 
such that for any {u,t) G U,#'¥j\u,t) ^Nf. 

Let us define the following definable sets 

Ilk = {iu,t) e u ■.#^'f^{u,t) =k}. 

Ut = {mG§«-i : e 5}=v,(FAcrit(v/)) =v,(FAcrit(v,)). 

iik,t = {ueE>"-^ ■.{u,t)e'Uk}. 

The subsets Ut and U^ f are open in E>"^^. 

Note that at any point of M" \ (crit(/) U crit(V/)), ^/ is a local diffeo- 
morphism. 

Let us remark that both families i'Ut)tef(M.")\Ko{f) and {'Uk,t)tef(M.")\Mf) 
are definable families of open subsets of S"^^ . 

Let (R") be the space of compact subsets of W\ 
Given Y and Z compacts subsets of R", the Hausdorff distance between 
Y and Z, denoted by dj^(jgn^{Y,Z), is defined as 

d5^(K«)(y,Z) = max(minyeKdist(3;,Z),min2ezdist(z,F)) 

= min{r ^ : Vy G 7 and Vz G Z, dist(3;, Z) ^ r 

anddist(z,y) ^ r} 

The space ;?C (IR") equipped with the Hausdorff distance d^^^R/,) becomes 
a complete metric space. 

Bounded definable families of compacts subsets behave well under the 
Hausdorff limit, (see [lBrllvD2llLSl for a general frame). Since we are only 
interested in 1 -parameter families of such subsets, the statement of the next 
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result is given in this context and in the form we will use it below in the rest 
of this paper. 

Theorem 5.1 ( [|BrllvD2llLSII ). Let (Cf)fe[o,i[ be a definable family of closed 
subsets ofM.". Assume there exists a compact subset Q such that Ct C Qfor 
each ? e [0, 1 [. Then, the Hausdorff limit Ci := lim/^i Ct does exist and is a 
definable subset ofM." contained in Q. 

Let {Ct)tei be a definable family of closed subsets of E)"~^. Since there 
exists a constant C, such that given any m, v G §"^\ d§(M, v) ^ C|m — v|, tak- 
ing Hausdorff limits of closed subsets {Ct)tei of S"^^ will provide exactly 
the same Hausdorff limits of {Ct)t<Ei considered as closed subsets of M". 

Let us return to our topic. Given a value c let us denote respectively by 
and by the following Hausdorff limits 

■= limj^,.+ clos('Zif) and Y^r := lim^^^- clos('U,). 

For each k = . .,Nf and for * = +,—, let ^* be the Hausdorff limit 
lim^^c* dos{llk,t)- 

Proposition 5.2. Let t/i, . . . , Ud^ be the connected components of Uc- For 
each i — 1, . . . ,(ic, there exist positive integers /- = /-(?) ^ s{i) and /+ = 
/+(/) ^ s{i) such that Ui 0^' cff^ and Ui d 

Proof. Let u E §"^^ When not empty, the subset 

'i'j\{u} X R) = {jc ^ crit(/) Ucrit(v/) : V/(jc) = u} 

is a C'^^ definable curve since is a local diffeomorphism. Let F be 
a connected component of ^'J^{{u}) which intersects with Fc. Since the 
function /|r is strictly monotonic, there exists £ > such that for any 
t g]c — £,c[U]c, c + £[, the curve F also intersects with Fj, that is m G Ut- 
Since the number of connected components of ^^^({m} x M) meeting Fc 
does depend only on Ui, the Proposition is proved. ■ 

As a consequence of Proposition 15 .21 we obtain 
Corollary 5.3. Let c be a value such that Uc^^. Then Uc C. fl '^r. 
Proof. It is contained in the proof of Proposition [5]2l ■ 

The statement of Corollary 15.31 would be wrong for a general definable 
family {Ct)t of closed subsets of S"^^ As read in the proof, the transverse 
structure given by the function / is somehow also carried in the family 
{Ut)t, and thus explain this result. 
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We end this section with an elementary result about the volume of a Haus- 
dorff limit of a 1 parameter definable family. 

Proposition 5.4. Let C := ^t<E[Q,i[Ct be a definable family of closed con- 
nected subsets of dimension nofQEW-or a compact subset. Let C\ be 
the Hausdorff limit lim,^^i Ct, then 

limf^ivol„(G) =vol„(Ci). 

Proof. According to ULSi Theorem 1] there exist at most finitely many sub- 
sets of Ki (M") that belong to clos(c) \C G (M"). By [lvD2[ Proposition 
3,2]), Ci is well defined and definable, and its dimension is at most n. Note 
that C\ is necessarily connected. 

Assume first that QdW. 

Let T£,{Ct) be the e-neighborhood of Ct in M" for £ > 0. 
Let r be the dimension of Ci. Using a generalized Weyl-Steiner's tube for- 
mula for compact definable subsets of R" ( HBKII ). we deduce that for small 
£ > there exists a positive constant L such that 

voi„(reCi: 

y0\r{Ci)-- — 



< L£, 

where On-r,n is the volume of the unit ball B„_,- of R"^*". 

By definition of Ci , for any £ > 0, there exists T] = T] (£) such that for t > 

1 -Tj we getd3^(R«)(G,(:i) < e, that is O C re(Ci). 

If r = n, we deduce that vol,, (Ct)— vol„ ( Ci ) — as £ ^ 0, since Ct CTf^{Ci). 
When r < n we know vol„(re(Ci)) — > as £ — 0. So vol„(o) must tend 
to as ? ^ 1 (otherwise limsup^^i vol„(C/) > 0, which would contradict 
lime^OVol„(re(Ci))=0). 

Assume now Q C The generalized Weyl's tube formula ( HBBIUBKH ) 
works also in spaces of constant curvatures. Thus the proof above in the flat 
case, adapts almost readily to the case of ■ 



6. Continuity of the total curvature and of the total 
absolute curvature of a definable function 

We use the notations of Section |4l 

Given t ^ Ko{f), let kt be the Gauss curvature of Ft with respect to the 
orientation V/. Let be the set of the connected components of Ft. 
When t ^ KQ{f), we define the total absolute curvature of Ft as 

1-^1(0 := L^GE, \K\e, 
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and the total curvature of Ft as 

Assume c is a value taken by / such that lie is not empty. Let C/i , , . . . , Ud^ , 
be the connected components of He- For each / = I,.. .,dc, let s{i) be the 
number of points in the fiber v^^{u) above any u E Ui, that is Ui C Us{i),c^ 
and let 0/(c) be the degree of Vc on Ui (see Section [3]). We recall that 

(6.1) \K\{c) = £/-vol„_i(clos(?i/,,)) = £5(/)vol,_i(clos(C/,0). 

1=1 i=l 

dc 

(6.2) K{c) = £o,(c)vol,_i(clos([/,0) 

i=l 

As a consequence of the result of the existence of definable Hausdorff 
Limits ( HvDlLllLSil ) and of the definition of the total curvature we deduce 
the following 

Corollary 6.1. The following limits, 

\imK{t), lim K{t), lim \K\{t) and lim \K\{t) 

t^c^ t^c+ t^c~ t^c+ 

do exist, once given a value c. 

Proof. It is just a consequence of the formulae for the total curvatures given 
above and of Proposition 15.41 □ 

Let us recall that given * = —,+, we denote by Y*, the Hausdorff limit 
limf^c* clos(l/f) and given any integer 1 ^ ^ Nf, ^* stands for the Haus- 
dorff limit limf^c* clos(life^f) 

We can write Y^r n f^:^ as the partition yjQ<^k,KNf%,u where iij = ^k^ 
, if k,l are both positive, Ykfi stands for if the intersection with 
is empty, Yq^i stands for if the intersection with is empty, and 
>o,o = 0- 

Our goal is still to try to understand the continuity of the functions |^| 
and K. Regarding the results of Sections [3] and [51 the non zero contribution 
to 1^1(0 only comes from the subset Uf. 

Proposition 6.2. Let c be a value. Then 

\K\{c) ^ min{lim,^,- |i^|(f),lim,^,+ \K\{t)]. 
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Proof. If l/c is empty this means that |^| (c) — 0, and so the statement is 
trivially true. 

Let f/i , . . . , Ud^ be the connected components ofUc- For each / G { 1 , . . . , 
and each * = +,—, let be the corresponding integer of Proposition l5.2[ 
Observe that for * = + and * = — 

l^l(c) =L-^(Ovoi„-i(t/,) ^L/*(Ovoi„-i(t/,-ni^.*), 

and the right hand side term is ^ L/^vol„_i(l^*). By Proposition 15 .41 we 
conclude the proof. ■ 

The continuity of |^| at c implies that each of these inequalities is an 
equality. Using notation of Proposition [5^ we actually obtain 

Corollary 6.3. If\K\ is continuous at c, then 

(1) for each pair k, I with I, vol„_i (7^^/) = 0, or equivalently Yk,i is of 
dimension at most n — 2. 

(2) for each k and each * = +,—, vol„_i('^*) = \o\n-i{'Llk,c)- 

Proof. Using Proposition [521 equation l6.1l and Proposition 16. 2[ and writ- 
ing down the continuity at c provides the different statements. ■ 

Now we can come to the first main result of this section 

Theorem 6.4. The function \K\ has at most finitely many discontinuities. 

Proof. This is a consequence of Proposition 15.41 and Proposition [521 
Assume k is given. Let C := ^tef{M.)\Ko{f)^t, where Ct = c\os{Uk^[). 
Assume first that /(M) \Ko{f) is connected, so that we can assume that 
/(M) \Ko{f) =]0, 1[. Then C is a definable family of subsets of E>"-K and 
then is definable in (M"). Thus its closure clos(c) in ^ (R") and consists 
of C and finitely many closed definable subsets of S"^^ by [[LSI Theorem 
1]. This means there exist at most finitely many c G /(M) \Ko{f) =]0, 1[ 
such that the Hausdorff limit limf^^- or the Hausdorff limit \im[^^.+ Ct 
is not Cc- For any value c g]0, 1 [ such that lim^^^.- Ct = limj^^.+ Ct = Cc, 
Proposition 15 .41 states that t vol„_i(Cf) is continuous at such a c. Since 
there are only finitely many k and finitely many connected components of 
f(R)\Ko (/) , the theorem is proved. ■ 

Remark 6.5. Working with globally subanalytic functions only, Theorem 
\6.4\ is then just a consequence of Lion-Rolin's Theorem [LRJ . 

Now let us investigate the continuity oiK,t ^ K{t) = fp^ kt. 

Let us pick a value c. Let {Ui}f^^ be the set of connected components of 
He- We recall that degj,Vc-, the degree of Vc at m G Uj is only dependent on 
i, and is equal to a,(c). Thus K{c) = Y^Li^M'^^^n-iiUi). 
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Proposition 6.6. If\K\ is continuous at c, then K is continuous at c. 

Proof. If \K\{c) = 0, then we immediately get K{c) = 0, and so K is 
continuous at 0. 

Assume that He is not empty. Let Uc be a connected component of lie- 
Then for each u , the number of connected components of m^^{{u} x 
M) meeting Fc is constant, say equal to / ^ 1 . Let Fi (w) , . . . , F/ (m) be these 
connected components. Given u E Uc we know that there exists £ > such 
that for any r g]c — e, c[U]c, c + £[, we get 

X M) nF, = u|^i(f,-(m) nF,). 

From Proposition 14. 4[ we know that the tangent Gauss degree of /, that is 
the degree of at a is a locally constant function of (a, t) . Thus for u E Uc 
given, there is e > as above such that for any f g] c — £, £ [, deg,, V/ = deg^^ Vc. 

Let be the connected component of U that contains (m,c). Thus 1^ fl 
X {c} = Uc X {c} is connected. So there exists £ > such that for any 

t e]c — £,c + £[, 1^ n§""^ X {t} — UtX {t} is connected, so Ut is connected. 
Since \K\ is continuous, this implies that lim/^cVol„_i([//) = vol„_i(f/c)- 
Since the Gauss tangent degree is constant on 1/ , this implies the continuity 
at c of the function total curvature. ■ 

The converse of this result is not true as shown in the following example: 
take f{x,y) = y{2x^y'^ — 9xy +12) as a function on the real plane. Then we 
find that 

limine- \K\ic) = lim,^,.+ \K\{c) = 2n, while |is:|(0) = 0, 
but K is continuous at 0. 

Remark 6.7. Talking about the discontinuity of\K\ or K makes only sense 
at values c that are taken by the function f. 

Let us return to the continuity of the curvature of /. Let c be a regular 
value. For each I = 1, . . .^Nf, the Hausdorff limit of Yimt^c* clos(lZ/ c) is 
denoted by where * = + or * = — . 

Proposition 6.8. Let c be a regular value at which \K\ is not continuous. 
There exists an open subset U C E>"^^, such that for any u eU, there exists 
a connected component r of r'^{f) := ^J^{{u} x M), such thatrr]f^^{c) 
is empty and one of the two cases below happens 

(i) If c is the infimum of f along F, then for any £ > small enough, 
Fn/^^(]c,c + £[) is not bounded. 

( ii) If c is the supremum of f along F, then for any £ > small enough, 
Fn/^^(]c — £,c[) is not bounded. 
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Proof. Assume that limf^^- \K\{t) > \K\{c). The other situation is abso- 
lutely similar. 

Let Uc = uf^^Ui, where Uj is a connected component of Zlc- For each /, 
we have Uj C 'U.5(/),c- Since \K\{t) = y!iL\ ^vol„_i(lZ/^f), we thus find that 
lim,^,-|i^|(0 = L£i/vol„_i(^-). 

For each i = 1, . . . , Jc, there exists a positive integer ^ s{i) such that 

Ui C ^(/))- Thus the following is happening: 

either 

(a) there exists z G { 1 , . . . , dc} such that > s{i) 
or 

(b) there exists / G {l,...,dc} such that vol„_i('^jrp > vol„-i(i7,). 

Assume that a phenomenon of type (a) contributes to the discontinuity of 
1^1 at c. Then for each u G Uj, there exists £ > such that r+(/) n/^^(]c — 
e,c + e[) has m(z) ^ /(z), connected components t^i, . . . , £^„,(,-) such that, 
for j = l,...,5(z),/(^j) =]c-£,c + £[, for J =5(/) + l,...,/(/),/(^;) = 
]c — £,c[ and for j = + 1, . . .,m{i), f{Qj) =]c,c + £[. 
Let J G {^(z) + 1, . . . , /(z)}. If was bounded, its closure in R" would then 
be c\os{gj) = Qj U {xc-z-,Xc}, where Xc-z G Fc-z and JCf G Fc. Since c is 
a regular value, this would mean that V f{xc) = u\V f{xc)\- Such a a is a 
regular value of V/| /-i(]c-e,c+£[)' thus Qj could be extended to {/ > c} to a 
regular curve through Xc, which would contradict f{Qj) =]c — £, c[. So we 
get that g j never meet /^^(c). The same works for j G {/(z) + 1, . . . ,m(z)}. 
Case (b) is proved similarly. 

There is a last thing to say about the case Uc is empty, meaning that Vc is 
of rank at most n — 2. In this situation the discontinuity of |^| is created by 
phenomenon of type (b) only. ■ 

When the discontinuity of |^| arises at a critical value c, it is almost 
impossible to say anything similar to the previous statement, in the general 
frame we are given. 

7. Total X-curvature and total absolute X-curvature 

Given a compact connected manifold M of dimension m, given a Morse 
function ^ : M i-^ M, let Cx{g) be the set of critical points of index X. The 
weak Morse inequalities state 

^Cx{g) ^ bxiM), the ?i-th Betti number. 

Let us consider now that M is an orientable connected definable C', / ^ 2, 
hypersurface of R", with orientation map \m- 

Using Definition 13. 41 given X G {0, . . . , n — 1}, let us define 
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Im{X) ■.= {xeM:XM{x)=X}. 

Since /m(^) C M\crit(vM), and M\crit(VM) 3 ?imW is definable 
and locally constant, the subset /m(^) is definable. 

Now we can define 
Definition 7.1. Given {0,...,n — l}, 

(1) the total X-curvature ofM is Km{X) := / kM{x)dv{x), 

J ImC^^) 

(2) the total absolute X-curvature ofM is \K\m{X) := / l^^l Wdv(x). 

J iMi'k) 

If M is compact then averaging on the restriction to M of all the oriented 
linear projections we deduce 

\K\m{X) ^ VO\n-l{VM{lM{X)))-bx{M). 

Now let us come to the case of definable functions. Let / : i— M still 
be a C', definable function with Z ^ 2. We use the notations of Section |4] 
and Section |5l Given any t ^ Ko{f), let Vj be the restriction of V/ to iv, and 
let kt{x) be the Gauss curvature at x E Ft. 

Let us define the open definable subset 

if{X) := {x^ crit(/) Ucrit(v/-) : the index of dx^ f\T^f^_^^^^ is X} 

Let "Ef still be the set of connected components of Ff. Given t ^ Ko{f) 
and Xe {0, . . . , n — 1 }, let 

It{X)=UEe^,lEiX) = IfiX)nFt. 

The family {'^t{lt{X))t^Ko{f)) is a definable family of subsets of S"~^ . 

We define two new functions of t, 
the total X-curvature of / : 

K{X;t) := U^^M'^) = [ h{x)dv{x), 

Ji,{X) 

and the total absolute X-curvature of / : 

\K\{kt) -LEe^, \K\e{X) = [ \k\ix)dv{x). 

Ji,{X) 

Now we can state the main result of this section 
Theorem 7.2. Let Xe {1,.. .,n—l} be given. 

(1) Let c be a value. Then lim^^^- K{X;t), lim,^c+ K{X; t), lim^ 1^1 
andYimf^c+ \K\{X\t) exist. 

(2) Let c be a value. Then 

\K\{X;t) ^ min{lim,^,.- \K\{X;t),\imt_,+ \K\{X;t)}. 
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(3) The function t \K\{X;t) admits at most finitely many discontinuities. 

(4) If the function t \K\{'k;t) is continuous at c, then so is the function 
t-^K{X;t). 

Proof. The proof of each point works as the proof of the similar statement 
given for the functions t — * K{t) and t — > |^| {t). The reason for that is to 
consider the function •= ^/[//(^l)' ^i^d then do exactly the same work as 
that done in S ection [5] and [6] □ 



In the introduction we mentioned that the original motivation was to try 
to find some equisingularity conditions on the family of levels {F,) that 
could be read through the continuity of these total curvature functions. We 
were especially interested in the problem caused by the regular values that 
are also bifurcation values. This phenomenon is without any doubt caused 
by some curvature, in the broader sense of Lip schitz- Killing curvature, ac- 
cumulation at infinity (i.e. on the boundary of the domain). Without any 
bound on the complexity of the singularity phenomenon occurring at infin- 
ity, it would be very naive and wrong to hope that the continuity of these 
curvature functions we dealt with is a sufficiently fine measure of the equi- 
singularity of the levels Ft nearby a regular value. In some simple cases, see 
[|Gr| , they can provide sufficient conditions to ensure the equisingularity in 
a neighborhood of a given regular asymptotic critical value. But in whole 
generality we may also have to consider these higher order curvatures. 

Consider again the situation of Section |4l That is of / : M" i-^ M a de- 
finable function enough differentiable. We have associated to each regular 
value t of /, two real numbers, namely K{t) and 

Let ? be a regular value of / and let x E Ft. Let q E {I, . . . ,n — 1} he 
a given integer. Let be a ^-dimensional sub- vector space of TxFt. Let 
us denotes k,{N,x) the Gauss curvature at ;c of Ff fl (jc+ (]RV/(.)c) ©A^^)) a 
hypersurface of the q-\- 1 -dimensional affine subspace x-\- (]Rv?(x) ©A^). 
The ^-th Lipschitz-Killing curvature of Ft at x is the real number 



JG{q,T,F,) 

where dA^ is the volume form of G{q, TxFt) the Grassmann manifold of q- 
dimensional sub-vector spaces of T^Ft. 

So we would like to define two real numbers: 
the total ^-th Lipschitz-Killing curvature. 



8. Remarks, comments and suggestions 
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LKq{x)dv„-i{x), 



and the total absolute ^-th Lipschitz-Killing curvature, also called total ^-th 
length 



where Cn,q is a universal constant depending only on q and n. 

In general, once q < n — I, with the level Ft non compact, the number 
\L\q{t) is likely to be infinite ! 

A more relevant question would be to estimate the first (and may be the 
second) dominant term of the asymptotic of 



as R ^ +00 and to see how these dominant terms varies in t or in {t,R). 
But as already said, even in the subanalytic category where results from 
HCLRi iLRl provide some general information on the nature of such terms, 
it is likely to be a very difficult question ! 
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